








































All The Four Dimensional Static, Spherically Symmetric






University of Pennsylvania, Philadelphia PA 19104-6396
(March 1995)
Abstract
The explicit form for all the four dimensional, static, spherically symmetric
solutions in (4+n)-d Abelian Kaluza-Klein (KK) theory is presented by per-





(BH) and supplementing it by SO(n)=SO(n  2) transformations. The solu-





P charges. Non-extreme BH's (with zero Taub-NUT charge) have
either the Reissner-Nordstrom or Schwarzschild global space-time, nonzero





and have a null or naked singularity, with S [T
H
] reaching the zero lower [nite










Theories that attempt to unify gravity with other forces of nature in general involve,
along with the graviton, additional scalar elds. Non-trivial 4-dimensional (4-d) congura-
tions for such theories include a spatial variation of scalar elds, which in turn aects the
space-time and thermal properties of such congurations. In particular, spherically sym-
metric solutions in Einstein-Maxwell-dilaton gravity have been studied extensively
1
. A
subset of such congurations corresponds to black holes (BH's) which arise within eective
(super)gravity theories describing superstring vacua. Congurations arising in the compacti-
cation of (4+n)-d gravity, i.e., Kaluza-Klein (KK) theories [2], are also of interest since KK
theory attempts to unify gravity with gauge interactions. In addition, such congurations
can be viewed as a subset of BH's within the eective 4-d theory of heterotic superstring
vacua [3,4].
In this letter, we nd the explicit form for all the static, spherically symmetric solutions in
(4+n)-d Abelian KK theory. Such solutions can be generated by a subset of the SO(2; n) (2




BH solutions, which turn out to provide
a convenient basis for generating all the other solutions whose extreme (supersymmetric)













) charges, which are in one to one
correspondence with the non-extremality parameter
2
  0, magnetic P and electric Q




BH, the two parameters 
1;2
of SO(1; 1) boosts and 2n   3
parameters of the SO(n)=SO(n   2) transformations. The explicit form of the 4-d space-
time metric allows for the study of the global space-time and the thermal properties of such
congurations. The study completes previous studies, which addressed static, spherically
symmetric solutions of 5-d KK theory [6,7] as well as recent studies within (4+n)-d Abelian
KK theory [5,8,9].

















































is the 4-d space-time metric, 
ij
(i; j = 1; :::; n) is the unimodular part of the
internal metric, i.e., det
ij




. Here, we use the




the time coordinate in the fourth place. When the internal isometry group is Abelian, i.e.,















(i = 1; :::; n) correspond to n 4-d
U(1) gauge eld strengths and the unimodular part 
ij
of the internal metric is independent
of the internal coordinates. In this case, the eective 4-d action is of the following form:
1
For a review see Ref. [1] and references therein.
2
The non-extremality parameter   0 measures a deviation from the supersymmetric limit even









Q = 0, which coincides with












































Here the 4-d gravitational constant 
4
has been set equal to 1 and ^ is the Lagrange multi-
























































) is a unimodular diagonal n  n matrix. Note,
the above symmetries do not aect the 4-d space-time metric g

.
Static or stationary solutions of (2) are invariant under the time-translation, which can be
considered along with n internal U(1) gauge transformations as a part of (n+1)-parameter
Abelian isometry group generated by the commuting Killing vector elds 

i
(i = 1; :::; 1+n)
of a (4 + n)-d space-time manifoldM . In this case, the projection of the (4+ n)-d manifold
M onto the set S of the orbits of the isometry group inM allows one to express the (4+n)-d
































































(with a choice of (4+n)-d space-time coordinate in which Killing vector




































. The eective 3-d










This eective 3-d Lagrangian density is of a similar type as the one obtained by Sen [11,12],
which is used to generate stationary solutions of the eective heterotic string on a six-torus.
4











) are curl free due to the source-free
condition R

= 0, one can replace the Killing vector elds 

i








where U 2 SL(2 + n;<). In particular, the SO(n) transformations (3) and the scaling
transformations (4) constitute a subset of the SL(2 + n;<) transformations which do not
aect the 4-d space-time part of the metric.
The physically interesting solutions correspond to the congurations with an asymp-
totically (j~xj ! 1) at 4-d space-time metric and constant values of the other 4-d elds.














= 0 ; '
1







which yields  = diag( 1; 1; 1; :::; 1).
The only subset of SL(2 + n;<) transformations (7), which preserves the asymptotic
boundary conditions (8), is the SO(2; n) transformation. A subset of SO(2; n) transforma-
tions can then be used to act on known solutions to generate a new set of solutions of the
equations of motion for the eective 3-d Lagrangian density (5).
In the following, we shall concentrate on static, spherically symmetric solutions. Spher-
ical symmetry (SO(3) rotational invariance) implies that for such congurations the metric
h
ab










where a; b = r; ; , and  depends only on the radial coordinate r. The transformation
between the 3-d elds (h
ab

































































= 0 that the unphysical Taub-NUT charge is ab-





; (r)), and the 4-d scalar elds ' and 
ij
depend only on
the radial coordinate r.
One way to generate the most general static, spherically symmetric solutions (with the
Ansatze (10)) is by performing a subset of SO(2; n) transformations on the 4-d Schwarzschild











); 1; :::; 1

; f(r) = r(r  m) : (11)
In order to nd a subset of SO(2; n) transformations which generates all the other spherically
symmetric solutions, one has to mod out SO(2; n) transformations by a subgroup that leaves
5
Solutions with non-zero 
1




can be obtained by per-
forming a scaling transformation (4) and an SO(n) rotation (3) on solutions with the asymptotic
values given by (8). Such solutions are then related to the original ones with the boundary condi-
tions (8) by the rescaled and rotated gauge elds as well as 
ij
and ', however, with the same 4-d
space-time metric.
4
the initial solution, i.e., Eq. (11), unchanged, which is an SO(n) subgroup that acts on the
last n indices of . Therefore, the subset of SO(2; n) transformations that generates new
types of solutions from (11) is the quotient space SO(2; n)=SO(n)
6
. The 2n+1 parameters
of SO(2; n)=SO(n) along with the parameter m constitute the 2n + 2 parameters, which
correspond to the mass M , n electric
~
Q and n magnetic
~
P charges as well as the Taub-Nut
charge a of the most general, spherically symmetric, stationary solution in (4 + n)-d KK
theory. In fact, each representative of the elements of SO(2; n)=SO(n) generates a physical
parameter of the solution
7
: n boosts on the rst [or the second] index of  in (11) and on
one of the last n indices of  generate magnetic [or electric] charges, and an SO(2) rotation
on the rst two indices of  generates an unphysical Taub-NUT charge a.
For the purpose of obtaining the explicit form of the most general, static, spherically




black hole solutions [9],
i.e., BH solutions in an eective 6-d KK theory with a diagonal internal metric. Such
solutions are parameterized by the three parameters: the electricQ and magnetic P charges,
as well as the non-extremality parameter   0, which measures the deviation from the
supersymmetric (extreme) limit, in which case the corresponding Bogomol'nyi bound for its
mass M is saturated. The solutions
8


















All the axisymmetric stationary solutions can be generated by performing SO(2; n)=SO(n)
transformations on the Kerr solution. The corresponding explicit space-time structure as well
as the corresponding supersymmetric limits are subjects of further research. There is an anal-
ogous set of transformations within an eective 3-d Lagrangian density for the heterotic string
on a torus, where the most general axisymmetric stationary solutions can be generated [11] by
[O(22; 2) O(6; 2)]=[O(22)O(6) SO(2)] transformations on the Kerr solution.
7
Similar observations within BH's in 5-d KK theory are due to Gibbons [13].
8
Such solutions can be generated by performing two successive SO(1; 1) boosts on the 1st and






































































where i; j = 1; :::; n   2, R(r) = r(r   m)=(r), and the electric and magnetic charges, the



























) and  =
m
2
. The radial coordinate r of the




solutions by a constant translation
r! r r
+











































































































 (r) ; A
i

= 0 ; (16)





































Q, which in the extreme (supersymmetric)
limit, i.e.,  ! 0
+
, saturates the corresponding Bogomol'nyi bound M
ext
= jP j+ jQj. And














(i = 1; :::; n).
In terms of the quantities of the eective 3-d Lagrangian density (5), the above solution






















































; f(r) = x(x  2) : (17)
Here I is the (n  2) (n  2) identity matrix,  denotes the corresponding zero entries, and
x  r   r
+
.
A class of new solutions can be obtained by performing SO(n)=SO(n 2) transformations
on solutions (17). Such transformations, which act on the lower-right n  n part of , do
not aect the 4-d space-time metric g

and the dilaton ', and are parameterized by 2n  3
parameters. The transformed solutions have n electric
~







Q = 0. Thus, we need only one more parameter from SO(2; n)=SO(n),
in order to generate the most general, static, spherically symmetric solution.
The needed new parameter is provided by two SO(1; 1) boosts on the 1st and (n+2)-th,





have to be related to one another in order to yield solutions with no Taub-NUT charge.











































































































































































































































Q  4 : (20)


















= 0, i.e., the unphysical Taub-NUT charge a is zero, relates the two boost param-
eters 
1;2





= 0 : (21)
Thereby, the transformed solutions (18) are parameterized by 4 independent parameters, i.e.,
the non-extremality parameter
9





solution and the boost parameters 
1;2
, subject to the constraint (21). The resultant
solution is in turn specied by the mass
10
M and four charges, however only three of them
are independent.
The remaining 2n   3 degrees of freedom, required to parameterize the most general,
static, spherically symmetric BH's in Abelian (4 + n)-d KK theory are then provided by
SO(n)=SO(n   2) rotations on the solutions (18).
We shall now analyze the global space-time structure and the thermal properties of the
above solution. Since SO(n)=SO(n  2) rotations on (18) do not change the 4-d space-time




Q), it is sucient to consider the solutions (18)
for the purpose of determining the space-time and thermal properties for all the (4 + n)-d
Abelian KK BH's. Without loss of generality, we assume that jQj  jP j. In the case of




) and (P;Q) are interchanged.
We rst discuss the singularity structure. Non-extreme solutions ( > 0) always have a
space-time singularity behind or at x  r   r
+
=  2. Namely, the space-time singularity,
i.e., the point at which R(x) = 0, where the Ricci scalar R blows up, occurs at the roots of
X(x) and Y (x). X(x) has real roots, which are always   2 with equality holding when
P = 0 or 
2
= 0. In addition, the no-Taub-NUT-charge condition (21) ensures that the
9
When the non-extremality parameter  is zero, the no-Taub-NUT-charge condition (21) ensures




Q = 0, i.e., the condition for
the spherically symmetric supersymmetric congurations [5].
10
When no-Taub-NUT-charge condition (21) is imposed, the mass M is compatible with the
corresponding Bogomol'nyi bound, i.e., M  jP j+ jQj.
7
real roots of Y (x), if any, are also   2 with equality holding when P = 0 or 
2
= 0.
On the other hand, (x) is zero at x = 0 and x =  2, provided X(x) and Y (x) do not
have roots at these points, in which case x = 0 and x =  2 correspond to the outer
and inner horizons, respectively. Therefore, general non-extreme ( > 0) solutions with
unconstrained n electric
~
Q and n magnetic
~
P charges have the global space-time structure







or P = 0, the inner horizon disappears and the singularity is inside the horizon. Otherwise,
the singularity is hidden behind the inner horizon.
In the extreme (supersymmetric) limit ( ! 0), the singularity is at x = 0. The
singularity is null, i.e., x = 0 is also the horizon, except when P = 0, in which case the
singularity becomes naked.
Thermal properties of solutions (18) are specied by the 4-d space-time at the outer











































As the boost parameter 
2
increases the temperature T
H
decreases, approaching zero tem-
perature. In the supersymmetric limit ( = 0) and with zero P , the temperature is always
innite independently of 
2
.
The entropy [16] S of the system, determined as S =
1
4
(the surface area of the event



































The entropy increases with 
2
, approaching innity as 
2
!1. In the supersymmetric limit,
the entropy is zero.
We now summarize the global space-time structure and the thermal properties of the
solutions according to the values of parameters 
2
, P and  in the following way:
 Non-extreme BH's with 
2
6= 0, P 6= 0
11
:
The global space-time is that of non-extreme Reissner-Nordstrom BH's, i.e., the time-
like singularity is hidden behind the inner horizon. The temperature T
H
[entropy S]
is nite, and decreases [increases] as 
2
or  increases, approaching zero temperature
[innite entropy].
 Non-extreme BH's with 
2
= 0 or P = 0:
The singularity structure is that of the Schwarzschild BH's, i.e., the space-like singu-
larity is hidden behind the (outer) horizon. The tempterature T
H
[entropy S] is nite
and decreases [increases] as  increases, approaching zero [innity].
11
Note, that none-extreme BH's of 5-d KK theory belong to this class. They are obtained from
solutions (18) by performing an SO(2) rotation on the (n + 1)-th and (n + 2)-th indices of the




 Extreme (supersymmetric) BH's:
For P 6= 0 the solution has a null singularity, which becomes naked when P = 0. The
temperature T
H
[entropy S] is nite and becomes innite [zero] when P = 0.
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